It has been previously shown that relatively simple computational fluid dynamics (CFD) models can be used to calculate the transfer impedances, including the associated end corrections, of microperforated panels. The impedance is estimated by first calculating the pressure difference across a single hole when a transient input velocity is imposed, and then Fourier transforming the result to obtain the impedance as a function of frequency. Since the size of the hole and the dimensions of the inlet and outlet channels are very small compared to a wavelength, the flow through the hole can be modeled as incompressible. By using those procedures, Bolton and Kim extended Maa's classical theory to include a resistive end correction for sharp-edged cylindrical holes which differs from those previously proposed by the inclusion of a static component. Here it is shown that CFD models can also be used to compute end corrections for tapered holes.
I. INTRODUCTION
The concept of microperforated absorbers was proposed by Maa more than thirty years ago and the related theory has been published in a number of different forms [1] [2] [3] (see Ref. 4 for a discussion of the various published forms of the Maa theory). Maa's theory combines Crandall's model for sound propagation in small diameter tubes 5 and Ingard's resistive end correction for perforations. 6 Both theoretical and experimental work has
shown that microperforated absorbers can be effective over relatively broad frequency ranges and so they offer an attractive alternative to conventional sound absorbing materials, especially when the use of non-fibrous absorbers is desirable. Descriptions of potential applications in architectural acoustics and automotive noise control can be found in Refs.
7-9. Recently, there has also been interest in using microperforated lining materials in flow-duct noise control applications. [10] [11] [12] [13] [14] [15] [16] Further, microperforated materials may be incorporated into multi-layer systems to enhance particular aspects of the system performance. 17, 18 The theory of microperforated panels has also been extended to allow for the effect of panel flexibility. See, for example, Refs. 19-21 for a discussion of essentially infinite flexible permeable membranes, and Refs. 22-25 for a discussion of the effect of flexibility on finite microperforated systems at normal incidence, and Refs. 26-28 for more general incidence conditions. Less attention has been paid to the effect of hole shape (whether in plan shape or in the effect of variation of hole diameter with depth). In addition to cylindrical holes, slits have been studied 29 , as have hourglass-shaped perforations 30 and tapered holes 31 (note that tapered holes of relatively large diameter are considered in Ref.
32: in that work, the holes are sufficiently large that viscous effects within the holes are negligible, and so their behavior is quite different from microperforated materials). The study of tapered microperforations was the particular focus of the present work.
In the modeling domain, it has been shown that rigid perforated sheets may be modeled as rigid porous materials by an appropriate choice of macroscopic parameters. 33 That work also suggested that either rigid 16 or flexible 34 arbitrarily-shaped microperforated panels could be modeled using finite element methods. Recently, it has also been shown that the techniques of computational fluid dynamics (CFD) can be used to calculate the transfer impedance of rigid microperforated panels having cylindrical holes 35 . In that work, it was shown that the resistive end correction was essentially independent of frequency rather than depending on the square root of frequency as was previously suggested 6 . As a result, the conventional Maa theory results in an underestimate of the resistive end correction at low frequencies, as noted previously in Ref. 36 .
Here the CFD procedure of Ref. 35 has been applied to the study of tapered microperforations. In particular, CFD was used to model the oscillatory, viscous flow though individual, sharp-edged, tapered holes. First, it is demonstrated for static flow how end effects for tapered holes can be incorporated into the usual Poiseuille term for the resistance. An analogous method is then applied to obtain an approximate, predictive formula for the dynamic flow resistance that reduces to the constant radius, cylindrical case in the appropriate limit. The CFD results clearly indicate, amongst other things, where the maximum energy dissipation occurs, and that the resistive end correction is associated with dissipation within the flow exterior to the hole rather than along the adjacent solid surface.
Finally, it is demonstrated that the new formula allows the accurate prediction of normal incidence absorption of tapered hole, microperforated sheets positioned above a finite-depth backing space.
II. REVIEW OF THEORY
The relevant equations for the present discussion are discussed in this section.
A. Maa Model
The Maa model can include both linear and non-linear components, the latter of which become significant only at high incident sound pressure levels 29 . In this study, the focus is on the linear part only, applicable for low to moderate sound pressure levels. The
Maa model was derived for wave propagation in narrow tubes in which the oscillatory viscous boundary layer spans the hole diameter. For circular holes, the equation for the normal acoustic transfer impedance, Z, of a microperforated sheet with straight, constantdiameter holes, without end corrections, can be expressed as:
where ρ is the density of air, ω is the angular frequency, L is the length of the hole (or equivalently the thickness of the sheet), and σ is the porosity of the sheet (i.e., the fraction of the total surface area occupied by holes, which is equivalent to the fraction of the total sheet volume taken up by the holes). In addition, k is the perforation constant defined as:
where η is the dynamic viscosity, d is the hole diameter, r is the hole radius (note that in this study either radius or diameter may be used, whichever best elucidates the relationships), and J0 and J1 are the Bessel functions of the first kind of zeroth and first order, respectively.
It should be noted, that in the limit of low frequencies, Eq. 1 can be approximated by:
The first term of the real part is the same result as that obtained from simple Poiseuille flow. Maa has presented the lowest order real and imaginary terms as an approximation of Eq. 1, but it is instructive to see the form of the first higher-order terms directly as functions of the frequency as well.
Additional energy dissipation occurs when the flow enters or exits a small hole.
Maa used the concept of a surface resistance 6 , defined by:
to add resistive end effects to Eq. 1 above. He included a correction term to the reactance as well, derived from the radiation impedance of a piston, and together Maa's proposed end effects can written as:
Note that both correction terms go to zero as the frequency goes to zero and therefore have no effect on the predicted static flow resistance.
B. Guo Model
Guo et al. 29 gave a modified form of Eq. 1 to account for hole geometry:
where α is a nominally frequency-independent factor which accounts for the hole type (particularly sharp-edged or rounded); it was suggested that a value of 4 was appropriate for sharp-edged holes and 2 for rounded holes, whereas the form of Maa's resistive end correction implies a value of 0.5. The parameter δ is a factor for the mass end correction, sometimes known as the correction length, and Guo suggested a value of ߜ ൌ 8݀/3ߨ, matching that of Maa. Note that in the context of relatively large perforations, Ingard has
shown that the end corrections are a function of perforation rate, with the corrections generally being reduced as the perforation rate increases. However, in the range of surface porosities usually considered appropriate for microperforated absorbers, this effect is negligible, and, as a result, surface porosity is not included as a parameter in the various formulae presented here. Therefore, the results of the present work strictly apply only to low surface porosity cases, and would need to be modified for cases in which the surface porosity was relatively large.
C. Bolton and Kim Model
Looking now just at the resistive part of the transfer impedance, Z R , Bolton and Kim 35 found that for frequencies below about 5 kHz, the factor α in the real part of Guo's equation:
could better be represented as a function of frequency, instead of a constant. They found the functional form of a good approximation to be:
with C1 and C2 being constants. By substitution into Eq. 7,
In the latter form, it can be seen that the end correction proposed by Bolton and Kim is independent of frequency at low frequencies: i.e., there is a static, resistive end correction.
III. CFD MODEL A. Geometry
To perform the CFD calculations, an axisymmetric model of a single tapered hole was created parametrically using general CFD codes. The inlet and outlet chambers were sized to be twice as long in the flow direction as wide (in an axisymmetric model), as can be seen in Figure 1 . To set up the models, the inlet diameter was determined from a given porosity based on the hole inlet size, r1; the actual volumetric porosity was calculated later. The inlet is on the left, where a velocity is specified, and an ambient pressure outlet is on the right. Note that the center-line of the axisymmetric model is at the bottom of the sketch, and the boundaries at the top are non-penetrating, slip surfaces. No slip conditions were imposed on the solid surfaces comprising the hole and the surrounding panel surfaces.
B. CFD Parameters
The CFD calculations were performed using a commercial CFD package based on the finite element method. Since all model dimensions were very small compared to a wavelength at all frequencies of interest, the flow was assumed to be essentially incompressible and isothermal. Twenty computational cells were placed in the radial direction of the hole, with the cell along the axis being four times the size of the cell closest to the wall. Similar cell gradations were used along other edges, to increase the mesh density near the hole. An example section of a typical mesh, near the hole, can be seen in Fig. 2 .
FIG. 2. Typical computational mesh in the region of the perforation.
The inlet velocity was chosen to be a Hann windowed, 5 kHz half-sine having a maximum amplitude, V0, of 1 mm/s: i.e.,
where ݂ was set equal to 5 kHz for all runs. Thus, the inlet velocity was non-zero for the first 100 µ s, and equal to zero thereafter.
The inlet velocity profile, as well as its Fourier spectrum, is shown in Fig. 3 . There is a node at 20 kHz, but that is outside the frequency range of interest.
FIG. 3. Inlet velocity as a function of time (a) and the corresponding Fourier spectrum as a function of frequency (b).
In addition to the standard post-processing of CFD results that allows the visualization of the pressure field, the velocity magnitude, and the local shear rate, a local energy loss rate per unit volume can be defined as the product of shear rate, γ, squared and viscosity, η. If integrated over the whole volume, a total energy loss rate, dE/dt, is obtained, which is also equal to the overall pressure drop, ∆P, multiplied by the volumetric flux, Q: i.e.,
The local energy loss rate, or simply the shear rate, is useful for locating regions of significant energy dissipation.
A fully-coupled solution was obtained with automatic time-stepping which had a maximum time step of 0.5 µs (which was also the data output frequency). In order to obtain accurate low-frequency results that matched steady-state results with less than 2% error, it was necessary to run the model for at least 0.5 ms. Plots of the velocity and pressure versus time or frequency were identical to those shown in Bolton and Kim 35 . Essentially identical results were obtained for a few test cases using another commercial CFD software package based on the finite volume method, as well as a third which solves the linearized acoustic equations in frequency space. Also, it was verified that the direction of flow through a tapered hole made no difference to the results; this was expected since the velocity is low enough to avoid non-linear effects.
IV. END CORRECTIONS FOR STATIC FLOW RESISTANCE
Several series of cases, as specified in Table 1 , were run in steady-state to determine the static flow resistances since these runs are more accurate and much faster than those obtained from the low frequency limit of time-dependent runs. The porosity shown is based on the inlet diameter, but the volumetric porosity is greater for conical holes and varied from 1% to over 10%. 
A. Straight Holes
The static flow resistance, Z0, is the limit of the acoustic impedance as the frequency goes to zero. As Maa 1 mentions, the low frequency limit of Eq. 1 is simply the result obtained from standard Poiseuille flow, without any end effects. So the first step in the present procedure was to determine the end effects for such straight perforations.
Whereas Bolton and Kim 35 used an end correction that was appended as an additional term to Maa's equation, it was more convenient here to separate all the factors from the thickness, L, and add an end effect to the tube length. Therefore, the losses due to the end effects are equated to an additional hole length, and the end effects do not themselves depend on the film thickness. The relationship was found to be
since the porosity is simply the hole area divided by the periodic (or inlet) area, A: i.e.,
The straight cases were initially used to determine the best fit for the parameter, β.
By using the thirty-two straight cases and a least-squares approach to minimize the percent errors, the value for β was found to be 0.616. These end effects are thus simply inversely proportional to the radius cubed. The deviations of the calculated resistances compared to the CFD results were generally less than 1% for these cases.
An example result for a straight hole is shown in Fig. 4 , where the flow is from bottom to top. The dominant pressure gradient is constant through the hole, with some fringing at the ends of the hole. The velocity has a uniform parabolic profile within the hole, and is spreading out at both ends. The areas of high shear rate are concentrated along the walls of the hole, but also include a "cap" at each end of the hole where additional losses occur, the so-called "end effects." The energy loss distribution corresponds to the shear rate plot, since it is proportional to shear rate squared. Note that there is no evidence in these figures of energy dissipation by shearing on the planar surfaces around the hole: 
B. Tapered Holes
In the case of slightly tapered holes, for example with angles on one side less than about 20°, an estimate of the pressure drop can be obtained by using Poiseuille flow for a differential length, integrating through the hole, and adding on end effects. Since the end effects were just determined to be inversely proportional to the radius cubed, each of the two ends of the tapered tube, with radii r1 and r2, will now have a different contribution.
The resulting resistance can thus be written as follows:
However, it was observed that a small deviation still remained, up to 7% for some of the 18° cases. These deviations are approximately proportional to the taper angle, θ, defined by
They can be corrected by using a simple modification of the previous formula: i.e., This formulation increases the end effect for the smaller end of the perforation.
Conceptually, see Fig. 5 , one can think that flow exiting (or entering) a straight hole needs to turn up to 90° as it spreads out. For a tapered hole, the flow would need to turn additionally up to the taper angle for the small end, and that much less for the large end.
By using all one hundred and forty cases and a least-squares approach to minimize the percent errors, an empirical value for β was found to be: Figure 6 shows the CFD results for a tapered hole. The pressure gradient as well as the velocity is greatest near the small end of the taper. Correspondingly, the shear rates and energy losses are also greatest in the same region. In particular, if the hole is long enough, only the end effect at the small end is relevant for the static flow resistance. When comparing the results from Eq. 16 to the CFD results, the resistance generally matches to within 1%. One can eliminate the periodic area, A, by using the porosity as was done previously. Since the porosity is the volume fraction of the panel which the holes occupy, one has
This relation can be used to eliminate the area in Eq. 16, if desired.
In Figure 7 , the pressure drops of the one hundred and forty cases obtained using CFD are compared with the various formulae. The results show that the Poiseuille flow estimate, for tapered holes but without end effects, is not sufficient (Eq. 14 with β=0, 
C. Equal Cases
By using this new empirical formula, Eq. 16, eight cases were created (see Table 2 ), all with an expected static pressure drop of 1 Pa for a face velocity of 1 mm/s, and therefore with an expected static flow resistance of 1000 kg/m 2 s, commonly referred to as MKS Rayls. The pressure drops calculated using CFD for all eight cases were in the range 0.9965-1.0083 Pa, showing the accuracy of the formula. It can be seen that the same static flow resistance can be achieved by either straight or tapered holes. As thickness is reduced in straight holes, the hole diameter must be reduced as well. However, for tapered holes, this reduction is very minor, because most of the losses occur at the small end of the hole and the pressure drop is not very sensitive to the details at the large end.
FIG. 8. (Color online)
This series of images shows the shear rate (1/s) for the eight cases listed in Table 2 . Figure 8 shows the shear rate for all eight cases from Table 2 . The energy losses, which are proportional to the shear rate squared, are clearly lower for case 4, which has twice the porosity, and higher for the last two cases which have half the porosity and need more loss per hole. The tapered cases clearly show how most of the losses are concentrated at the small end, thus making the total length relatively unimportant.
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V. DYNAMIC FLOW RESISTANCE
The acoustic transfer impedance of the panel was calculated as
where Pin is the inlet pressure, Pout is the outlet pressure (ambient), and Vin is the inlet velocity (see Fig. 3 ); all of these quantities were first Fourier transformed in order to obtain the impedance in the frequency domain. The real part of the impedance is referred to here as the dynamic flow resistance, and the imaginary part as the reactance.
For these time-dependent studies, several series of cases were run, as specified in Table 3 , including both straight and tapered holes. The porosity shown is based on the inlet diameter, but the volumetric porosity is greater for conical holes and varied from 0.5% to 7%. From Table 2  8 The pressure time history for two example cases can be seen in Fig. 9 . Note that for the tapered case the results are essentially independent of flow direction. It should also be noted that the pressure remains below zero for a substantial time after the inlet flow has already stopped (at 100 µ s).
FIG. 9. (Color online)
Inlet pressure from the CFD calculations for cases 2 ("Straight") and 5 ("Tapered") of Table 2 . The tapered hole was run with flow in both directions, and it can be seen that the two curves are practically on top of each other. The velocity is shown simply for timing reference.
A. Tapered Holes without End Corrections
For the dynamic resistance, the same formulation as for the static flow resistance can be used by considering a differential form of Maa's expression (Eq. 1) for a thin slice of the hole, and integrating this through the thickness of the film, i.e.,
where now r, k and σ vary with position, x, through the hole: i.e.,
The perforation constant varies linearly through the hole, and the varying porosity accounts for the changing mean velocity within the hole resulting from the area change. In practice, this integral can be computed numerically, for each frequency point. For straight holes 
B. Straight Hole Dynamic End Corrections
For straight holes, it is possible to modify Eq. 1 to include end effects initially for the static and now for the dynamic flow resistances by dividing by the thickness and multiplying by the thickness plus end effects:
This expression is more accurate for low frequencies than previous studies (e.g., Eq. 1, Eq. 6, or even Eq. 9). For some cases, this expression almost exactly matches the CFD results, whereas for other cases it may deviate as much as 10% at 10 kHz. Further research may be needed to determine a satisfactory expression for a small additional dynamic end correction for straight holes. Nonetheless, the current modification, Eq. 22, is an improvement to the accuracy when predicting the performance of straight holes and can be used as a design tool for such cases (see Figure 10a ). It should be noted that this modification is applied to the complex impedance and thereby changes both the resistance and the reactance. The time evolution of velocity and shear rate can be seen in Fig. 11 . The velocity increases uniformly to its peak value while the high shear remains near the wall. However, as the flow slows down, the central flow is faster than it would be for an equivalent steady flow, and the region near the walls slows down to a greater extent. Even when the mean flow is 0 (after 100 µ s), there is a reverse flow near the wall with a forward flow in the middle of the channel. The region of highest shear rate also migrates from the wall toward the middle of the channel as the flow decelerates. Table 2 ). Corresponding formula results using Eq. 22, Eq. 1 (Maa) and Eq. 6 (Guo) with α=2 and α=4 are shown as well. A comparison of the present formula (Eq. 22) and those of Maa and Guo (Eqs. 1 and 6 in the present article respectively), with α = 2 and α = 4, can be seen in Fig. 12 . For resistance, Guo's formula, with α=2 not 4, works well above 5 kHz, but deviates significantly from the CFD results at lower frequencies. Both the present formula as well as Guo's formula work well for estimating the reactance.
C. Tapered Hole Dynamic End Corrections
For tapered holes, the expression becomes more complicated, but the concept is the same as for the straight holes: i.e., divide by the thickness term and multiply by the thickness with the static flow resistance end effects, Eq. 16, included to give:
where ZTaper is given by the integrated Maa expression, Eq. 20. For straight holes, Eq. 23 reduces to Eq. 22. This new expression is accurate for low frequencies (starting at the static flow resistance) and is reasonable for other frequencies of interest, giving designers predictive capabilities for tapered holes. See Figure 10b for a comparison of CFD results with those of Eq. 23.
The velocity magnitude and shear rate through tapered holes can be seen in Fig. 13 .
Many of the trends mentioned for straight holes apply here as well, but are now concentrated at the narrow end of the taper. Table ) . Corresponding formula results using Eq. 23 are shown as well. Only a slight difference between forward and reverse flow can be seen in the resistance plot.
VI. CASES HAVING EQUIVALENT STATIC FLOW RESISTANCE A. Dynamic Flow Resistance
It is instructive to look at the eight cases with equal static flow resistance, from Table 2 . Sketches of the eight hole designs, all on equal scales, are shown so the length and diameter of the holes can better be compared; additionally, the horizontal extent of the film (shown shaded) gives an indication of the hole density.
B. Absorption Coefficient
If a backing depth, D, behind the perforated film, is considered, the surface normal impedance of the film and a rigidly terminated air space can be computed as
where c is the speed of sound, and Z is the transfer impedance of the microperforated sheet.
The normal incidence plane wave reflection coefficient is then
and the normal incidence absorption coefficient can be defined as: Figure 16a shows these absorption coefficients calculated from the CFD results for the cases from Table 2 . The peak absorption and node locations remain roughly constant Table 2 , and a rigidly terminated air space of 25 mm. Graph (a) shows results using the impedance from the CFD calculations, and graph (b) shows the results using the impedance from Eq. 23.
The formula results, plotted in Figure 16b , are a very close match to the CFD results seen in Fig. 16a , and show all the major trends. Further research will be needed to determine taper hole design geometries of perforated films to meet acoustical and manufacturing requirements and constraints for specific applications.
VII. CONCLUSIONS
In this paper, CFD models of microperforated materials with straight and tapered holes have been considered. These models produce results that generally conform to wellestablished theoretical models. However, the CFD models have been used to generate an expression (Eq. 23) that more accurately captures the dynamic flow resistance at low frequencies for straight holes and for tapered hole geometries. For this study only sharp- In future work it would be useful to confirm the assumption that the compressibility of the fluid (and hence, heat transfer to the solid phase) does not need to be accounted for in the CFD calculations. In addition, the effect of panel mass and flexibility on the flow profiles within the holes should be examined since panel motion may be significant when the microperforated panel mass per unit area is very small, as can be the case for polymeric microperforated films. Table 2 ). Corresponding formula results using Eq. 22, Eq. 1 (Maa) and Eq. 6 (Guo) with α=2 and α=4 are shown as well. Table 2 , and a rigidly terminated air space of 25 mm. Graph (a) shows results using the impedance from the CFD calculations, and graph (b) shows the results using the impedance from Eq. 23.
